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The stochastic mean-field (SMF) approach allows to treat correlations beyond mean-field using a
set of independent mean-field trajectories with appropriate choice of fluctuating initial conditions.
We show here, that this approach is equivalent to a simplified version of the Bogolyubov-Born-
Green-Kirkwood-Yvon (BBGKY) hierarchy between one-, two-, ..., N-body degrees of freedom. In
this simplified version, one-body degrees of freedom are coupled to fluctuations to all orders while
retaining only specific terms of the general BBGKY hierarchy. The use of the simplified BBGKY is
illustrated with the Lipkin-Meshkov-Glick (LMG) model. We show that a truncated version of this
hierarchy can be useful, as an alternative to the SMF, especially in the weak coupling regime to get
physical insight in the effect beyond mean-field. In particular, it leads to approximate analytical
expressions for the quantum fluctuations both in the weak and strong coupling regime. In the strong
coupling regime, it can only be used for short time evolution. In that case, it gives information on
the evolution time-scale close to a saddle point associated to a quantum phase-transition. For long
time evolution and strong coupling, we observed that the simplified BBGKY hierarchy cannot be
truncated and only the full SMF with initial sampling leads to reasonable results.
PACS numbers: 24.75.+i, 21.60.Jz ,27.90.+b
I. INTRODUCTION
The BBGKY hierarchy [1–3] is an exact reformula-
tion of the problem of interacting fermions where one-
body degrees of freedom (DOFs) are coupled to two-body
DOFs that are themselves coupled to three-body DOFs
and so one and so forth. One of the advantages of this
hierarchy is that it illustrates how correlations can affect
the evolution of the one-body density matrix. For this
reason, the set of equations between one-body evolution
and many-body correlations are often used as a starting
point to develop approximations beyond mean-field (see
for instance [4]). However, due to the increasing complex-
ity occurring when complex correlations are included, a
truncation scheme of the hierarchy is necessary.
The proposal of an appropriate truncation of the
BBGKY hierarchy has been the subject of extensive
work in the past [5–7] and leads to the so-called Time-
Dependent Density Matrix (TDDM) approach to inter-
acting systems where not only the one-body density is
followed in time but also eventually the two-body and
eventually three-body density matrices. The flexibility
of choosing the proper equations of motion is still the
subject of intensive work [8]. In particular the absence of
a definite strategy for truncating the BBGKY can lead
to uncontrolled results with varying quality as illustrated
in Ref. [9]
It has been shown recently that the stochastic mean-
field approach can provide rather accurate description of
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many-body effects beyond the Time-Dependent Hartree-
Fock (TDHF) or Time-Dependent Hartree-Fock Bo-
golyubov (TDHFB) approach in several test cases [10–
12] where the approximate treatment can be confronted
to the exact solution. In this approach, the system is de-
scribed by a set of initial conditions with fluctuating one-
body density, followed by deterministic TDHF or TD-
HFB trajectories [13]. Each trajectory evolves through
its own self-consistent mean-field for a given initial con-
dition and is independent from the others. Among the
interesting aspects of the SMF approach one can mention
that beyond mean-field effects are incorporated although
only mean-field type evolution is needed. One of the sur-
prising results turns out to be that the SMF technique
can provide a better approximation compared to an ap-
proach where two-body degrees of freedom are explicitly
introduced in the description [12].
One of the main objectives of the present work is to
clarify how a theory that only involves mean-field evo-
lution can incorporate properly many-body effects. Be-
low, we make explicit connection between the SMF ap-
proach and the BBGKY hierarchy. We show that the
SMF theory is equivalent to solve a set of coupled equa-
tions between one-body DOFs and higher-order correla-
tions without truncation. This set of equations can be
seen as a simplified version of the standard BBGKY hi-
erarchy. We finally explore if this simplified BBGKY
hierarchy can be used either as a numerical tool or to get
physical insight in correlated systems if a truncation is
assumed.
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2II. THE SMF APPROACH AND ITS
CONNECTION TO A NON-TRUNCATED
BBGKY HIERARCHY
A. Basic aspects of the stochastic mean-field
approach
In the SMF theory, the N-body problem is replaced by
a set of deterministic time-dependent mean-field trajec-
tories [13],
i~
dρ(n)
dt
=
[
h(ρ(n)), ρ(n)
]
, (1)
where (n) labels a given trajectory, ρ(n) is the one-body
density along this trajectory and h(ρ(n)) is the associ-
ated self-consistent mean-field. For a system interacting
through a two-body interaction v12, h is given by:
h[ρ] = t+ Tr2 {v˜12ρ2} , (2)
where t is the kinetic term and v˜ denotes antisymmet-
ric effective interaction. Here, we use the convention of
Refs. [4, 14], i.e. the index ”i” in ρi means that the den-
sity acts on the ith particle, similarly Tri(.) means that
the partial trace is made on the ith particle. Starting
from the above expression and using this convention, we
recover the standard mean-field expression
hij [ρ] = tij +
∑
mk
v˜ik,jmρmk.
In the SMF approach, each trajectory is deterministic
and fluctuations stem only from the initial conditions
ρ(n)(t0). The statistical properties of the density ma-
trices are usually chosen in such a way that they repro-
duce at least in an approximate way the initial quantum
phase-space of the problem. This is usually done by im-
posing specific properties of different moments of the ini-
tial density fluctuations δρ(n)(t0) = ρ
(n)(t0) − ρ(n)(t0).
X(n) denotes here the statistical average over the initial
conditions. Most often, the moments are chosen to re-
produce quantum fluctuations of the initial many-body
states. In its original form [13], the SMF theory has been
formulated assuming (i) that the initial state is either a
pure Slater determinant or a statistical ensemble of inde-
pendent particles. In both cases, the one-body density is
associated with occupation numbers denoted by ni in the
canonical basis. (ii) The initial quantum phase-space has
been approximated by a Gaussian statistical ensemble.
Then, initial phase-space sampling is completely speci-
fied by the first and second moments of ρn(t0) that are
conveniently chosen as:
ρ
(n)
ij (t0) = δijni,
δρ
(n)
ij (t0)δρ
(n)
kl (t0) =
1
2
δilδjk [ni(1− nj) + ni(1− nj)] .
Starting from this original formulation, it has been re-
alized that the SMF approach can be extended to su-
perfluid systems by replacing the N-body problem by a
set of Time-Dependent Hartree-Fock Bogolyubov (TD-
HFB) with initial fluctuations on both the normal and
anomalous density matrices [10]. In addition, we have
shown recently that an improved treatment of the ini-
tial phase-space [15] without the Gaussian approximation
can further ameliorate the many-body dynamics beyond
the mean-field and allows to describe initially correlated
many-body states.
More surprisingly, a recent study on the Hubbard
model [12] has shown that the SMF approach can lead to
a better than state of the art Green function techniques
including explicitly two-body effects [16]. This actually
might appear as a surprising result since in the SMF ap-
proach only mean-field trajectories are required. It is one
of the goals of the present article to show how correla-
tions are incorporated in our theory. In particular, we
show that the SMF approach is equivalent to a simpli-
fied BBGKY hierarchy where 2-body, 3-body, ..., N-body
correlations are approximately propagated in time.
B. Many-body evolution in SMF
In the SMF theory, the quantum expectation value of
any k-body operator is replaced by the a statistical av-
erage over the different trajectories. Considering a set of
k one-body operators, denoted by A(1), · · · , A(k), their
expectation values within SMF are given by
A(1)(n) · · ·A(k)(n) =
∑
αiβi
Aα1β1(1) · · ·Aαkβk(k)
× ρ(n)β1α1 · · · ρ
(n)
βkαk
.
Therefore, the knowledge of any many-body observable is
equivalent to the knowledge of the time evolution of the
set of moments M1, M12, · · · , M1···k defined through:
M1···k = ρ
(n)
β1α1
· · · ρ(n)βkαk .
We show in appendix A, starting from the equation
(1) that the different moments evolve according to the
following coupled equations:
i~
d
dt
M1,··· ,k =
[
k∑
α=1
tk,M1···k
]
+
k∑
α=1
Trk+1 ([v˜αk+1,M1···k+1]) . (3)
These equations are formally very close to the BBGKY
hierarchy of density matrices in many-body systems
[4, 14] except that here, the many-body densities are
replaced by different moments of the density ρ(n). An-
other important difference is that part of the fermionic
aspects are lost in this description. Indeed, the moments
M1,··· ,k here are symmetric with respect to the exchange
of two indices. Therefore, part of the quantum correla-
tions induced by Fermionic statistic are lost in the theory.
3This is one of the differences with the TDDM approach
where many-body densities truly associated to fermions
are solved in time.
One can equivalently rewrite the above set of equations
as coupled equations between the average one-body den-
sity denoted for simplicity below as ρ and the centered
moments C1·k defined through:
C1···k = δρ
(n)
1 · · · δρ(n)k . (4)
The resulting coupled equation are (see appendix A):
i~
d
dt
ρ(t) = [h(ρ(t)), ρ(t)] + Tr2 [v˜12, C12] , (5)
together with (for k ≥ 2):
i~
d
dt
C1···k =
∑
α≤k
tα, C1···k

+
k∑
α=1
Trk+1 [v˜αk+1, C1···kρk+1]
+
k∑
α=1
Trk+1
[
v˜αk+1, C1···(α−1)(α+1)···(k+1)ρα
]
+
k∑
α=1
Trk+1
[
v˜αk+1, C1···(α−1)(α+1)···kCαk+1
]
+
k∑
α=1
Trk+1
[
v˜αk+1, C1···(k+1)
]
. (6)
Equation (5) is similar to the first equation of the
BBGKY hierarchy where usually C12 stands for the two-
body correlation matrix. This equation clearly points
out that effects beyond the standard mean-field are ac-
counted for in the SMF approach. A more precise dis-
cussion on what many-body effects are included is given
below.
C. Beyond mean-field effects in SMF theory
The fact that the SMF approach is equivalent to solve
an unrestricted set of coupled equations between the one-
body density and higher-order moments is a clear advan-
tage of this technique. As a direct conclusion, it includes
not only two-body effects but also higher order corre-
lation effects. This might explain why, in previous ap-
plications, it has given better results compared to the
calculation using BBGKY hierarchy truncated at second
order.
Still, because of the replacement of quantum average
by classical average, it is not anticipated that all many-
body effects are properly included with the SMF frame-
work. Let us write explicitly the equation on C12. Start-
ing from Eq. (6), after some straightforward manipula-
tion, we obtain:
i~
d
dt
C12 = [h1[ρ] + h2[ρ], C12]
+ Tr3 [v˜13 + v˜23, C13ρ2 + C23ρ1]
+ Tr3 [v˜13 + v˜23, C123] , (7)
where hi is the mean-field Hamiltonian acting on the par-
ticle i. This equation corresponds to a simplified version
of the second BBGKY equation for correlation (see Eq.
(55-58) of Ref. [14]). On the negative side, we first ob-
serve that the term B12 (Eq. (57) of [14]) that is respon-
sible for both direct in-medium collisions and pairing ef-
fects is missing. Regarding in-medium collisions, it is
anticipated that the SMF approach is only valid at low
internal excitation of the system where the in-medium
collisions are strongly hindered due to the Pauli exclu-
sion principle. It is worth mentioning that the inclusion
of in-medium collisions can be made eventually by con-
sidering a Langevin process where fluctuations are intro-
duced continuously in time [17]. Regarding the pairing
term, although the complete proof is out of the scope
of the present work, it is anticipated that this term is
partially included when the superfluid version of SMF is
used [10].
On the positive side of SMF we can remark:
• The first line of Eq. (7) shows that the SMF ap-
proach properly propagate the initial fluctuations
in the average self-consistent mean-field.
• The second line of Eq. (7) shows that the term P12
usually appearing in the second BBGKY equation
(Eq. (58) of [14]) , is approximately accounted for.
We note in particular, that the Pauli principle is
not fully respected in the SMF approach. This is
indeed not surprising due to the simple classical
assumption made on the average moments.
• The last line of Eq. (7) shows that a great advan-
tage of the resulting equation is that 3-body and
higher correlation effects are included.
In order to better understand what type of correlations
are retained in Eq. (7), it is interesting to note that the
average density evolution can be rewritten as
i~
d
dt
ρ(t) = [h(ρ(t)), ρ(t)] +
[
δh[ρ(n)], δρ(n)
]
. (8)
This alternative form evidences that the effect beyond
mean-field stems from the correlation between the den-
sity fluctuation and the resulting mean-field fluctuation.
Such correlations and their effects on one-body dynam-
ics have been studied in Ref. [18] for small amplitude
vibrations around the ground state of atomic nuclei. In
that case, they lead to a coupling of the collective mo-
tion to surface vibrations (the so-called particle-phonon
coupling). This coupling is known as a dominant source
of fragmentation of the nuclear collective response at low
temperature [4].
4D. Discussion
The recent success of the SMF approach and more
particularly the good agreement between the approxi-
mate treatment and exact solutions in some model cases
[10–12] indicate that this approach retains some of the
most important correlation effects and properly incorpo-
rate their effects on one-body degrees of freedom. The
equivalent formulation given above in terms of a simpli-
fied BBGKY hierarchy is helpful to clearly pinpoint the
retained terms. As a side product of the present work, we
note that the present development leads to a new approx-
imate hierarchy of equations of motion that is much less
involved than the standard BBGKY one. In particular, it
is commonly accepted that the main difficulty in many-
body theories based on the truncation of the BBGKY
hierarchy is the absence of a systematic prescription to
truncate the coupled equations at a given order [9]. The
coupled equations derived above can be seen as an alter-
native way to incorporate many-body effects.
Let us makes few remarks on the advantages of the
new equations of motion: (i) first, the equation of mo-
tion are much simpler than the standard BBGKY hier-
archy, as we will see below, in some cases, third-order or
even fourth order equation can be obtained without dif-
ficulty. (ii) When possible, it is clear that it is preferable
to directly perform the full SMF theory, i.e. sample a
set of mean-field trajectories. However, in some cases,
this might become rather cumbersome due to number of
trajectories required to get small statistical error-bars.
Then, the corresponding BBGKY hierarchy can be an
alternative approximate method to solve SMF. (iii) As
we pointed out in Ref. [15], a proper account for the ini-
tial quantum phase-space might require to go beyond the
Gaussian assumption of the initial sampling. In simple
models, it is possible to directly get the initial phase-
space with some semi-classical techniques as in [15]. In
more complex systems, this seems more complicated and
the sampling beyond the Gaussian approximation might
not be possible. Alternatively, one can use the simplified
BBGKY hierarchy imposing that different moments at
initial time exactly equals the initial quantum moments.
(iv) Last, as we will see below, the simplified form of
the BBGKY equation can lead to interesting physical in-
formation. This is illustrated below, where approximate
analytical expressions are obtained for the evolution in-
cluding beyond mean-field effects.
III. APPLICATION
The goal of the present section is to illustrate the in-
teresting aspects associated to the hierarchy of coupled
equations motivated by the SMF approach. For this
purpose, we took as an example the Lipkin-Meshkov-
Glick (LMG) Model [20–23] that has already been used
to benchmark the SMF theory using phase-space initial
sampling both in the Gaussian [11] and non-Gaussian
[15] assumptions. In the two previous applications, a set
of mean-field trajectories have been explicitly followed in
time using the equations of motion:
d
dt
j(n)x = −j(n)y + 2χj(n)y j(n)z ,
d
dt
j(n)y = j
(n)
x + 2χj
(n)
x j
(n)
z ,
d
dt
j(n)z = −4χj(n)y j(n)x ;
(9)
with fluctuating initial conditions. Here, j
(n)
x,y,z are the
three reduced quasi-spin components and χ is a constant
that measures the strength of the two-body interaction.
All technical details associated to the LMG model, its
SMF solution, as well as the possibility to get an exact
solution have been extensively discussed in our previous
work [11, 15].
To get the closed set of equations, we follow the general
strategy depicted above and separate the average quasi-
spin from its fluctuation as j
(n)
i = ji + δj
(n)
i . Starting
from Eq. (9), we obtain
d
dt
jx = (−1 + 2χjz)jy + 2χΣ2yz,
d
dt
jy = (1 + 2χjz)jx + 2χΣ
2
xz,
d
dt
jz = −4χjx jy − 4χΣ2xy,
where Σ2ij ≡ δj(n)i δj(n)j are the average fluctuations of
the reduced quasi-spin. This evolution corresponds to
the first coupled equation of the simplified BBGKY hi-
erarchy. Higher order equation can be deduced from the
equations of motion of the fluctuating part, that are given
by:
d
dt
δj(n)x = (−1 + 2χjz)δj(n)y + 2χjyδj(n)z
+ 2χ[δj(n)y δj
(n)
z − Σ2yz],
d
dt
δj(n)y = (1 + 2χjz)δj
(n)
x + 2χjxδj
(n)
z
+ 2χ[δj(n)x δj
(n)
z − Σ2xz],
d
dt
δj(n)z = −4χ(jxδj(n)y + jyδj(n)x )− 4χ[δj(n)x δj(n)y − Σ2xy].
From these equations, any equation of motion of the av-
erage quasi-spin centered moments can be derived rather
easily. An illustration is given in appendix B for the
evolution of second, third and fourth centered moments,
denoted respectively by Σ2ij , Σ
3
ijk and Σ
4
ijkl. The average
equation of motion greatly simplifies due to the fact that
the Hamiltonian is invariant with respect to the rotation
Rz = e
ipiJˆz . Accordingly, if the initial condition is also
invariant with respect to this symmetry, all moments con-
taining an odd number of components of δj
(n)
x and δj
(n)
y
are equal to zero at all times. Here, we consider initial
5states or phase-space that fulfills this condition. Then,
we have jx(t) = jy(t) = 0 as well as Σ
2
xz(t) = Σ
2
yz(t) = 0.
Accordingly, the average quasi-spin evolution reduces to:
d
dt
jz = −4χΣ2xy, (10)
while the relevant second moments evolutions are given
by: 
d
dt
Σ2xx = 2(−1 + 2χjz)Σ2xy + 4χΣ3xyz,
d
dt
Σ2yy = 2(1 + 2χjz)Σ
2
xy + 4χΣ
3
xyz,
d
dt
Σ2xy = (−1 + 2χjz)Σ2yy + (1 + 2χjz)Σ2xx
+ 2χΣ3yyz + 2χΣ
3
xxz,
d
dt
Σ2zz = −8χΣ3xyz.
(11)
We see that the second order moments are coupled to the
third moments. Similarly, the third moments evolution
induces a coupling to the 4th moments and so on and
so forth. The explicit form of the third and fourth mo-
ments evolution are given in the appendix B. It should
be noted that these equations are obtained in a rather
straightforward way starting from the SMF framework.
In the following, the evolution obtained by truncating the
set of equation to the second moments, third moments or
fourth moments will be respectively referred to as Quasi-
Classical TDDM2 (QC-TDDM2), QC-TDDM3 and QC-
TDDM4, while the original technique that samples the
initial conditions and does not assume any truncation is
simply referred to SMF. We use as a benchmark the same
initial condition as in Ref. [11]. A system of N = 40 par-
ticles initially described by the Slater determinant |j,−j〉
is considered. This initial condition corresponds to the
situation where all particles occupy the lowest level in
the set of two-level system in the LMG model and all
single-particle spins are −1/2. The initial non-zero mo-
ments corresponding to this state are given up to fourth
order by:
jz = −1
2
, Σ2xx = Σ
2
yy =
1
4N
, Σ3yyz = Σ
3
xxz =
1
12N2
,
Σ4xxxx= Σ
4
yyyy =
1
16N3
(3N − 2),
Σ4xxyy=
1
48N3
(3N − 2), Σ4xxzz = Σ4yyzz =
1
24N3
.
As stressed in Ref. [11], this initial condition is partic-
ularly critical for the TDHF theory since it corresponds
exactly to the saddle point of a spontaneous symmetry
breaking. Accordingly, this initial state is just a sta-
tionary solution of TDHF while it is not stationary in
the exact evolution. Below, we consider the dynamical
evolution in the weak and strong coupling regime. The
frontier between these two regimes is determined by the
interaction strength and by the presence (χ > 1) or ab-
sence (χ < 1) of a spontaneous symmetry breaking at the
mean-field level. In practice, we assume that the weak
coupling regime corresponds to χ < 1, see for instance
[11, 23].
A. Weak coupling regime
In many physical situations, we are mainly interested
in the average evolution of one-body observables as well
as their quantum fluctuations. Standard time-dependent
Hartree-Fock is usually convenient for the former one
but provides a rather poor approximation for the fluc-
tuations. We already know that the SMF approach can
greatly improve the description of two-body degrees of
freedom from previous applications [11, 15]. We show
here, that the QC-TDDM2 approach where only the av-
erage quasi-spin and their fluctuations are followed in
time, already provides a great improvement compared to
the original TDHF.
In Fig. 1, the exact results obtained for χ = 0.5 are
compared with the SMF and QC-TDDM2 calculations.
We see that the QC-TDDM2 approach does also provide
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FIG. 1. (color online) Exact evolution of dispersions of quasi-
spin operators obtained when the initial state is |j,−j〉 for
χ = 0.5 (black solid line). The results of SMF and QC-
TDDM2 are respectively shown with blue filled circles and
red dashed line. Note that here the fluctuations are given by
∆ii = N
2Σ2ii. Green open squares show the results of the
analytical expression given in Eqs. (12) for Σ2xx and Σ
2
yy.
the correct evolution of the second moments Σ2xx and
Σ2yy even if higher order effects are neglected. Only at
large time, deviation with the exact solutions starts to be
visible in Fig. 1. We see however that Σ2zz remains equal
to zero in QC-TDDM2. This could have been anticipated
from Eq. (11) where we see that the only way to have
Σ2zz evolving in time is to include the effects of third order
moments.
The good agreement between QC-TDDM2 and the ex-
act evolution in the weak coupling regime, despite the
fact that it corresponds to a simplified BBGKY hierar-
chy truncated at order 2, is already an interesting result.
This indirectly proves that SMF is able to grasp some
important physical effects. Actually, because of the sim-
plicity of the QC-TDDM2 approach, we can even obtain
6approximate analytical solutions for Σ2xx and Σ
2
yy. In-
deed, let us assume that the average evolution of jz can
be approximated by its mean field solution in the evolu-
tion of second moments. Then jz ' j0 = −1/2 for all
time. The equation of motion can be written as:
d
dt
Σ2xx = −2Ω−Σ2xy,
d
dt
Σ2yy = +2Ω+Σ
2
xy,
d
dt
Σ2xy = −Ω−Σ2yy + Ω+Σ2xx,
where Ω± = |2χj0 ± 1|. Introducing the frequency ω =
2
√
Ω+Ω− = 2ω0, we immediately deduce that:
d2
dt2
Σ2xy = −ω2Σ2xy,
that could be easily integrated to finally give (using the
fact that Σ2xy(0) = 0):
Σ2xx(t) = Σ
2
xx(0) +
(
Ω2−Σ
2
yy(0)−ω20Σ2xx(0)
ω20
)
sin2(ω0t),
Σ2yy(t) = Σ
2
yy(0) +
(
Ω2+Σ
2
xx(0)−ω20Σ2yy(0)
ω20
)
sin2(ω0t).
(12)
In Fig. 1, we see that the results of these analytical
expressions are very close to the QC-TDDM2 case and
henceforth to the exact case. This gives an example
where the simple formula obtained with QC-TDDM2 and
the approximate treatment of the average evolution of jz
provides interesting information in the many-body corre-
lated dynamics. In particular, it directly gives the expres-
sion of the relevant frequency ω0 that drives the two-body
evolution.
In order to describe also the fluctuation of the z compo-
nent of the quasi-spin, one needs to include higher order
moments effects. The equations of motion for third and
fourth moments are given in appendix B. In Fig. 2, we
show the evolution of Σ2zz for different order of trunca-
tion of the hierarchy up to QC-TDDM4. In this figure,
we see that including third order moments and fourth or-
der moments improves gradually the description of Σ2zz.
In the latter case, we see that the result is almost on top
of the exact result.
In the bottom part of 2, we also show the result of
SMF assuming a Gaussian sampling of the initial phase-
space. We see in particular that the gaussian approxi-
mation has an impact on the quality of the result. For
comparison, we also show the results of QC-TDDM3 and
QC-TDDM4 imposing that all third moments are ini-
tially zero as it should be for a Gaussian distribution. We
observe again that the QC-TDDM4 results tend to the
complete SMF case assuming initially Gaussian phase-
space. These comparisons illustrate one of the point
raised above. In more complicated situations of inter-
acting many-body systems, initial sampling beyond the
Gaussian approximation might be impossible. Then, us-
ing a truncated version of the simplified BBGKY hier-
archy with non-zero third and/or fourth order moments
might be a useful alternative. As a side remark, we note
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FIG. 2. (color online) Top: Exact evolution of dispersions of
Σ2zz obtained when the initial state is |j,−j〉 for χ = 0.5 (black
solid line). This evolution is compared with QC-TDDM2
(red dashed line) ,QC-TDDM3 (pink dotted line) and QC-
TDDM4 (green dotted-dashed line) results. Bottom: Same
as top figure except that the QC-TDDM2, QC-TDDM3 and
QC-TDDM4 are performed assuming that all third order mo-
ments are zero initially. In both panels, we also show the
result obtained using the full SMF calculation with the Gaus-
sian phase-space sampling of the initial condition (from [11]).
that the truncation of the hierarchy and/or a wrong as-
sumption on the initial conditions can lead to unphysical
values of the observables, here negative values of the fluc-
tuations. This is a phenomenon that also happens when
the standard BBGKY hierarchy is truncated. This prob-
lem does not occur when the full SMF is used.
B. Strong coupling regime
1. Second order truncation
In Fig. 3, the results of QC-TDDM2 are compared
to the exact and SMF case for χ = 1.8. It is known
7that the SMF result is expected to be worse as the two-
body interaction increases. Still, we see that SMF results
remain comparable with the exact results over the period
displayed in Fig. 3. We observe that the QC-TDDM2
results are able to describe the very short time evolution
but then rather fast deviate from the correct evolution.
In that case, the truncation to second order does not
seem to be appropriate.
Similarly to the previous case, to understand the very
short time dynamics, one can assume that the average
evolution of jz identifies with the mean-field one. Then,
for χ > 1, we end-up with the set of equations:
d
dt
Σ2xx = −2Ω−Σ2xy,
d
dt
Σ2yy = −2Ω+Σ2xy,
d
dt
Σ2xy = −Ω−Σ2yy − Ω−Σ2xx,
that could be solved to give: Σ
2
xx(t) = Σ
2
xx(0) +
(
Ω2−Σ
2
yy(0)+ω
2
0Σ
2
xx(0)
ω20
)
sinh2(ω0t),
Σ2yy(t) = Σ
2
yy(0) +
(
Ω2+Σ
2
xx(0)+ω
2
0Σ
2
yy(0)
ω20
)
sinh2(ω0t).
.(13)
This divergent behavior reflects the fact that the initial
state is located at a saddle point associated to a sponta-
neous symmetry breaking. The above formula can grasp
the short time behavior and give access to the typical in-
stability time-scale associated to this symmetry breaking
(see Fig. 3). However, non-linear effects and higher order
effects are needed to describe longer time dynamics. The
complete SMF approach that includes correlations to all
order not gives access not only to the instability time but
also to longer time evolution.
0
50
100
150
200
250
300
350
F
lu
ct
u
at
io
n
s
0 1 2
time
FIG. 3. (color online) Same as Fig. 1 for χ = 1.8. The results
of the analytical formulas (13) are shown with green open
squares. Black solid lines and blue filled circles correspond
respectively to exact and SMF results.
2. Third and fourth order truncation
In Fig. 4, the evolution obtained with higher order
truncations (QC-TDDM3 and QC-TDDM4) are com-
pared with the exact solution. We see in this figure
that the QC-TDDM4 follows the exact result for longer
time compared to QC-TDDM2. However, in both QC-
TDDM3 and QC-TDDM4, the trajectory diverges after
some rather short time. We note that truncated dynam-
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FIG. 4. (color online) Evolution of ∆xx(t) obtained using
the QC-TDDM2 (red dashed line), QC-TDDM3 (green dot-
ted line) and QC-TDDM4 (blue dot-dashed line). The exact
result is shown in black solid line.
ics diverges while the full SMF calculation with initial
fluctuations doesn’t. This is a clear indication that ei-
ther a simplified BBGKY truncated at some order or the
sharp truncation strategy that is used here, i.e. assum-
ing directly fluctuations to be zero above a certain order
are not appropriate in the strong coupling regime and/or
close to a spontaneous symmetry breaking case. In that
case, in the absence of a clear prescription for trunca-
tion, there is no alternative than performing explicitly
the initial sampling.
IV. CONCLUSION
In the present work, we show that the recently pro-
posed Stochastic Mean-Field approach that consists in
sampling initial quantum fluctuations associated to a
system of interacting fermions and then follow each in-
dividual trajectory using the associated time-dependent
mean-field is equivalent to a simplified BBGKY hierar-
chy of equations of motion. Similarly to the standard
BBGKY approach, in this hierarchy, average evolution
of one-body degrees of freedom are coupled to second
order fluctuations that are themselves coupled to third
order fluctuation, and so on.
We show that the simplified hierarchy is retaining spe-
8cific terms of the standard BBGKY one. The quality
of the SMF approach in many recent applications [10–
12, 15, 25] indicates that the retained terms are among
the important ones beyond the mean-field approximation
at least for short time evolution. This finding is helpful
in particular to understand why the SMF technique can
be more accurate than an approach based on the stan-
dard BBGKY assuming a truncation at some order, like
the TDDM approach. Indeed, while some correlations
are lost in SMF, it propagates correlations to any orders.
Using the LMG model as an illustrative example, we
show that the simplified BBGKY approach can be trun-
cated and used as an alternative to the complete SMF
theory in the weak coupling regime. In this regime, it is
shown that it can even give better results that the com-
plete SMF theory where a Gaussian assumption for the
initial phase-space is made. It addition, in some cases, it
gives interesting physical insight beyond the independent
particle approximation. In the strong coupling regime,
a sharp truncation seems to be adequate only for very
short time evolution, unstable behavior is observed in the
LMG model for longer times. Still it provides the time-
scale associated to the spontaneous symmetry breaking
occurring in the LGM model. For strong coupling, the
complete SMF implementation remains more adequate
and leads to better description of correlations over longer
time, without unstable evolution.
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Appendix A: connection between SMF approach
and BBGKY hierarchy
In the present appendix, the intermediate steps to ob-
tain the set of coupled equations (3) and (6) are given.
The main assumption of the SMF theory is that all tra-
jectories identify with a mean-field evolution given by Eq.
(1). Using the expression of the mean-field hamiltonian,
we obtain:
i~
dρ
(n)
αβ
dt
=
∑
γ
tαγρ
(n)
γβ − ρ(n)αγ tγβ
+
∑
γλλ′
v˜αλ,γλ′
(
ρ
(n)
λ′λρ
(n)
γβ
)
−
∑
γλλ′
(
ρ(n)αγ ρ
(n)
λ′λ
)
v˜γλ,βλ′ .
This equation could be rewritten formally as:
i~
dρ
(n)
1
dt
=
[
t1, ρ
(n)
1
]
+ Tr2
[
v˜12, ρ
(n)
1 ρ
(n)
2
]
. (A1)
Note that here we used the fact that Tr2(v˜12ρ
(n)
2 ) =
Tr2(ρ
(n)
2 v˜12). Taking the average, we directly obtain the
first equation of the hierarchy (3). Higher order equa-
tions are immediately obtained by using the property:
i~
d
dt
[ρ
(n)
1 · · · ρ(n)k ] =
k∑
α=1
ρ
(n)
1 · · ·
[
i~
d
dt
ρ(n)α
]
· · · ρ(n)k
=
k∑
α=1
ρ
(n)
1 · · · [tα, ρα] · · · ρ(n)k +
k∑
α=1
ρ
(n)
1 · · ·Tr(k+1)
[
v˜αk+1ρ
(n)
k+1, ρ
(n)
α
]
· · · ρ(n)k
Introducing the notation M
(n)
1···k = [ρ
(n)
1 · · · ρ(n)k ], we then end-up with the fact that the equation of motion of M (n)1···k is
coupled to M
(n)
1···(k+1).
i~
d
dt
M
(n)
1···k =
[
k∑
α=1
tk,M
(n)
1···k
]
+
k∑
α=1
Trk+1
([
v˜αk+1,M
(n)
1···k+1
])
.
The set of equations (3) then correspond to the average version of the above coupled equations.
1. Average evolution of centered moments
In order to get the equations of motion for the centered moments defined in Eq. (4), it is first convenient to obtain
the evolution of the fluctuations δρ(n) with respect to the average. Subtracting the average evolution of ρ(n) obtained
above to the Eq. (A1) gives:
i~
d
dt
δρ
(n)
1 = [t1, δρ
(n)
1 ] + Tr2
[
v˜12, δρ
(n)
1 ρ2
]
+ Tr2
[
v˜12, ρ1δρ
(n)
2
]
+ Tr2
[
v˜12, δρ
(n)
1 δρ
(n)
2 − δρ(n)1 δρ(n)2
]
.
9Similarly as in the previous section, we can then use the fact that:
i~
d
dt
(
δρ
(n)
1 · · · δρ(n)k
)
= i~
k∑
α=1
δρ
(n)
1 · · ·
(
dδρ
(n)
α
dt
)
· · · δρ(n)k ,
to obtain the general equation of motion (valid for k ≥ 2):
i~
d
dt
(
δρ
(n)
1 · · · δρ(n)k
)
=
∑
α≤k
tα, δρ
(n)
1 · · · δρ(n)k

+
k∑
α=1
Trk+1
[
v˜αk+1,
(
δρ
(n)
1 · · · δρ(n)k
)
ρk+1
]
+
k∑
α=1
Trk+1
[
v˜αk+1,
(
δρ
(n)
1 · · · ρα · · · δρ(n)k
)
δρ
(n)
k+1
]
+
k∑
α=1
Trk+1
[
v˜αk+1,
(
δρ
(n)
1 · · · δρ(n)k+1
)]
+
k∑
α=1
Trk+1
[
v˜αk+1,
(
δρ
(n)
1 · · ·Cα(k+1) · · · δρ(n)k
)]
. (A2)
Taking the average, we deduce Eq. (6).
Appendix B: Simplified BBGKY hierarchy for the
LGM model
Starting from the dynamical evolution of the fluctua-
tions given in the main text, one can deduce the evolution
of the second moments through the use of
dΣ2ij
dt
= δj
(n)
j
d
dt
δj
(n)
i + δj
(n)
i
d
dt
δj
(n)
j . (B1)
The resulting equation are given by:
d
dt
Σ2xx = 2(−1 + 2χjz)Σ2xy + 4χjyΣ2xz,
d
dt
Σ2yy = 2(1 + 2χjz)Σ
2
xy + 4χjxΣ
2
yz,
d
dt
Σ2zz = −8χ[jxΣ2yz + jyΣ2xz],
d
dt
Σ2xy = (−1 + 2χjz)Σ2yy + (1 + 2χjz)Σ2xx
+ 2χjyΣ
2
yz + 2χjxΣ
2
xz,
d
dt
Σ2xz = (−1 + 2χjz)Σ2yz + 2χjyΣ2zz
− 4χjxΣ2xy − 4χjyΣ2xx,
d
dt
Σ2yz = (1 + 2χjz)Σ
2
xz + 2χjxΣ
2
zz
− 4χjxΣ2yy − 4χjyΣ2xy.
It is worth mentioning that in the exact case, since the
Hamiltonian is invariant under the rotation Rz = e
ipiJz ,
most of the moments appearing above will be zero dur-
ing the evolution. The same property holds if the initial
phase-space is invariant under this symmetry. Then, any
moments that contains an odd number of x or y are equal
to zero. The resulting equation of motion for the average
fluctuations is given in Eq. (11).
Using a similar strategy, the evolution of the third or-
der moments is given by:
d
dt
Σ3xxz = 2(−1 + 2χjz)Σ3xyz
+ 4χΣ2xxΣ
2
xy + 4χ
(
Σ4xyzz − Σ4xxxy
)
,
d
dt
Σ3yyz = 2(1 + 2χjz)Σ
3
xyz
+ 4χΣ2yyΣ
2
xy + 4χ
(
Σ4xyzz − Σ4xyyy
)
,
d
dt
Σ3xyz = (−1 + 2χjz)Σ3yyz + (1 + 2χjz)Σ3xxz
+ 4χΣ2xyΣ
2
xy + 2χ
[
Σ4yyzz + Σ
4
xxzz − 2Σ4xxyy
]
,
d
dt
Σ3zzz = 12χΣ
2
zzΣ
2
xy − 12χΣ4xyzz,
while the 4th moments evolution reads as (neglecting
higher orders terms):
d
dt
Σ4xxxx = 4
(−1 + 2χjz)Σ4xxxy,
d
dt
Σ4yyyy = 4
(
1 + 2χjz
)
Σ4yyyx,
d
dt
Σ4zzzz = 16χΣ
2
xyΣ
3
zzz,
d
dt
Σ4xxxy = 3
(−1 + 2χjz)Σ4xxyy + (1 + 2χjz)Σ4xxxx,
d
dt
Σ4yyyx = 3
(
1 + 2χjz
)
Σ4xxyy +
(−1 + 2χjz)Σ4yyyy,
d
dt
Σ4xxyy = 2
(
1 + 2χjz
)
Σ4xxxy + 2
(−1 + 2χjz)Σ4yyyx,
d
dt
Σ4yyzz = 2
(
1 + 2χjz
)
Σ4xyzz + 8χΣ
2
xyΣ
3
yyz,
d
dt
Σ4zzxx = 2
(−1 + 2χjz)Σ4xyzz + 8χΣ2xyΣ3xxz,
d
dt
Σ4xyzz =
(
1 + 2χjz
)
Σ4xxzz +
(−1 + 2χjz)Σ4yyzz
+8χΣ2xyΣ
3
xyz.
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It should be noted that the above equations are rather
straightforward to obtain from the SMF approach. In
comparison, using standard BBGKY approach would be
more cumbersome and would lead to more complicated
expressions.
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